We consider (n + 1) bodies moving under their mutual gravitational attraction in spaces with constant Gaussian curvature κ. In this system, n primary bodies with equal masses form a relative equilibrium solution with a regular polygon configuration, and the remaining body of negligible mass does not affect the motion of the others. We show that the singularity due to binary collision between the negligible mass and the primaries can be regularized local and globally through suitable changes of coordinates (Levi-Civita and Birkhoff type transformations).
Introduction
We consider the generalization of the gravitational n−body problem to spaces of constant curvature proposed by Diacu, Pérez-Chavela and Santoprete [9, 10] . The problem has its roots on the ideas about non-Euclidean geometries proposed by Lovachevski and Bolyai in the 19th century [5, 12] . For more details about the history of this fascinating problem we refer the interested readers to [6] .
The restricted (n + 1)−body problem on curved spaces refers to the study of the motion of a particle q, with negligible mass, moving under the gravitational attraction of n other particles, called primaries. The mass of the particle q is very small, in such a way that the motion of the primaries are not affected by this particle. In a personal notification, Carles Simó pointed us that through a suitable change of coordinates follow by a rescaling of time, we can focus our analysis on the cases of curvature κ = 1 and κ = −1 (see [6] for details). In this way, we consider the sphere embedded in R 3 with radius 1, denoted by S 2 , as model for positive curvature, and the sphere (with Lorentzian metric) of imaginary radius i, denoted by H 2 , as model for negative curvature.
In the classical case (zero curvature), the restricted three-body problem was firstly proposed by Euler in the 18th century. One of the main obstacles to study the restricted problems is the presence of singularities due to collision. We start with a fix configuration for the primaries, avoiding the collision among them, but the problem of collision of the massless particle with one or more of the primaries still persists. This problem was tacked first by Levi-Civita [17] and some years later by Birkhoff [4] . The first technique is useful to regularize just one singularity, that we call local regularization. There are several generalizations of this technique which are applied to the restricted three body problem, see for instance [16] , Levi-Civita regularization and its generalizations is very helpful for analyze the dynamics of a satellite in an orbit close to another massive body or in general in spatial missions to explore a single planet. However, sometimes it is necessary to have a global picture of the solutions, for instance to study escapes of particles or a possible connection among the equilibrium points, it is necessary to have a global regularization of all singularities due to collision, in this last case we use Birkhoff technique. Both techniques consist of suitable change of coordinates follow for a reparametrization of the time.
Some years ago, this classical problem (zero curvature) problem was extended considering more bodies , and the problem of regularize the binary collisions where also tackled [1] . Recently the restricted three body problem was also proposed considering the motion on curved spaces, for the restricted 2-body problem, where the two primaries of different masses move on different planes around the z-axis [3] .
In this paper we consider the restricted (n + 1)-body problem on S 2 and H 2 where n particles with equal masses are moving on a plane parallel to the xy-plane forming a regular polygon configuration. We find the regularization transformations that allows avoid the singularities due to collisions between these particles and the remaining body of negligible mass. It results that the transformations are similar as in the classical Newtonian problem. We believe that these problems can have important applications in the dynamics of the components of an atom and in the new astronomical discoveries, usually studied only through quantum mechanics and relativity, nevertheless we let the analysis of the possible applications for a forthcoming paper and we will concentrate here just in the theoretical aspects of the problem.
After the introduction the paper is organized as follows. In section 2, we show the existence of polygonal relative equilibria given by the primary n bodies with equal masses. In section 3 we set the problem and present the equations in a convenient form (a suitable rotating frame). In section 4 we present the main results of the work, in this way it is necessary to use the stereography projection to avoid the constraints and allow us to work with complex variables. Then we obtain the local and global regularization of the binary collisions.
Relative Equilibria
We consider the motion of the primary n bodies where each particle, denoted by q i , moves on the space S 2 or H 2 . In this section we will show the existence of solutions given by relative equilibria.
The motion of the particles is lead by the cotangent potential
where d is the geodesic distance on the corresponding space S 2 or H 2 , and cotn means the usual cotangent function or the hyperbolic cotangent function respectively. The kinetic energy is defined as
where the symbol ⊙ represents the usual inner product if we consider S 2 , or the Lorentzian inner product if H 2 is considered (in this case for, a, b ∈ R 3 we have
From the Euler-Lagrange equations, the equations of motion take the form
where σ stands for 1 if we analyze S 2 or −1 for H 2 .
Relative Equilibria on S

2
Consider the group of isometries SO(3) acting on R 3 . It is well known that it consists of all uniform rotations. The relative equilibria are invariant solutions of the equations of motion under the group SO(3). Now, since the principal axis theorem states that any A ∈ SO(3) can be written, in some orthonormal basis, as a rotation about a fixed axis, we consider this one as the z axis. Hence we can characterize this result as follows Proof. The result follows directly by straightforward computations, we omit the details here. Now we will show that, if in the above proposition, z i = z j , ∀i, j, then it is possible to find relative equilibria.
Theorem 2. For n equal masses on S 2 with a regular polygon initial configuration with the bodies at a height z =constant = 0, there exist a positive and a negative value for the initial velocity such that the solution is a relative equilibrium.
Proof. Consider n particles with equal masses m = 1 with a regular polygon initial configuration.
The position for the i−th body at a given time t is q i (t) = (x i (t), y i (t), z(t)) where
We will show that there exist values of Ω such that the above functions satisfy (1) .
By symmetry we can consider only the equations of motion for the x i (t) coordinates.
We have
Let A = Ωt + (i − 1) 2π n . We have for n odd
For each i we enumerate the particles as (−
Notice
With these facts we obtain
For n even we haveẍ
And we have
The equations (5) and (8) are positive, hence we conclude that there exist a positive and a negative value of Ω such that generate relative equilibria.
If the particles are on the equator of S 2 , then we have the following [11] : if n is odd, then and they have equal masses forming a regular polygon configuration moving with constant angular velocity Ω, then the positions and velocities form a solution of relative equilibrium for any Ω ∈ R.
Relative Equilibria on H
2
Consider the orthogonal transformations of determinant ±1 that leave H 2 invariant, this is a closed group called Lorentz group, Lor(R 2,1 , ⊙). The principal axis theorem in this case states that every G ∈ Lor(R 2,1 , ⊙) has one of the following canonical forms:
where θ ∈ [0, 2π), s, t ∈ R, and P ∈ Lor(R 2,1 , ⊙).
The above transformations are called elliptic, hyperbolic, and parabolic, respectively.
It is well known from people in the field that there are not solutions generated by parabolic transformations [9] . Those solutions generated by elliptic or hyperbolic transformations are called elliptic or hyperbolic relative equilibria.
In this work we are interested in solutions where the n primaries form relative equilibria with a regular polygon configuration. In a recent paper of the authors, they proved the no existence of these kind of hyperbolic relative equilibria, in particular the no existence of Lagrange hyperbolic relative equilibria [15] . Hence we will focus only on elliptic relative equilibria. Analogously as in S 2 we have the following result.
Theorem 3. For n equal masses on H 2 with a regular polygon initial configuration with the bodies at a height z =constant = 0, there exist a positive and a negative value for the initial velocity such that the solution is a relative equilibrium.
Proof. The proof is similar by noticing that
For n odd the angular velocity satisfies
For n even,
Since equations (9) and (10) are positive we conclude that there exists a positive and negative value for the angular velocity that leads to elliptic relative equilibria.
The restricted curved (n + 1)-body problem
In order to unified our analysis we introduce the notation M 2 without distinction for S 2 or H 2 . The restricted curved (n + 1)−body problem refers to the study of a system of n + 1 particles moving on under their mutual attraction on M 2 , where n bodies with positions q i of equal masses (called primary bodies) are rotating on a circle parallel to the xy plane with velocity (5) or (8) and with a regular polygon configuration. The remaining body located at position q has a negligible mass and its motion is given by the following equation
As in the classical case, we introduce rotating coordinates. Let q = RQ with Q = (ξ, η, ϑ) T , where R is the rotation matrix In these coordinates the position of the primaries take the form
After a straightforward computation the new equation of motion in the new variables areQ
− 2ΩJQ + [σ(ξ − Ωη) 2 + σ(η + Ωξ) 2 +θ 2 ]Q = ∇ Q Ω 2 2 (ξ 2 + η 2 ) + n i=1 Q i ⊙ Q (σ − σ(Q i ⊙ Q) 2 ) 1/2 ,(12)Q i = r cos 2π n (i − 1) , r sin 2π n (i − 1) , z .
Stereographic projection
In our analysis we consider the stereographic projection from the point (0, 0, −1)
The inverse function Π −1 maps (u, v) −→ Q where
It is known that Π maps S 2 onto the whole plane R 2 , with the metric ds 2 = 4 1 + u 2 + v 2 , this plane with this metric is known by some authors as the curved plane. The case of H 2 , this space is projected onto the open unitary disk with the metric ds 2 = 4 1 − u 2 − v 2 , this space is the well known model of hyperbolic geometry called the Poincaré disk.
Under Π, the primaries, originally on M 2 , now are locate at
with k i = r cos 2π n (i − 1) and h i = r sin 2π n (i − 1) . In the right part of (12), the so called effective potential, can be written as
Regularization
We first write the problem as a Hamiltonian system, with Hamiltonian function given by
where U is the corresponding potential getting from the stereographic projection of S 2 or H 2 onto R 2 . If no confusion arises, we will keep denoting the positions of the primaries on C as w i . In order to analyze the regularization of the binary collisions between the negligible mass with the primaries, we consider complex variables through the following change of coordinates
Then (14) takes the form
with
If we consider S 2 , then Π −1 (ŵ i ) corresponds to the antipodal point of the primary Q i , however if we consider H 2 , thenŵ i is a point such that Π −1 (ŵ i ) does not belong to H 2 .
Local Regularization
In this section we state the first main theorem of this paper. Take a constant energy level H = − C 2 , and let us define a new Hamiltonian
The flow generated by both of the Hamiltonian functions is equivalent, hence we will consider the flow generated byĤ at zero energy level.
Performing the change or variables we obtain that the Hamiltonian takes the form
Take z = g(w) = ww + w k , then g ′ (w) = w and |g ′ (w)| 2 = |w| 2 = |w| 2 = ww = |ww|. We will check that this transformation avoids the singularity due collision of the negligible mass and the primary k.
On M 2 :
We can see that the singularities of equation (16) are avoided, hence we conclude the proof.
Global Regularization
The second main statement of this work is the following. 
regularize the n binary collisionsingularities of (15) , between the negligible mass and each of the primaries.
Proof. Consider the transformation z = g(w) := αw + β w n−1 , Z = W/g ′ (w), and the time s such that dt ds = |g ′ (w)| 2 .
As we did before, we will consider a fixed energy level − C 2 and a new Hamiltonian defined asĤ = |g ′ (w)| 2 H + C 2 . We will be working using this new Hamiltonian at zero energy evel. Performing the change or variables we obtain that the Hamiltonian takes the form
In order to remove singularities we will find α and β with the following properties: First that the primaries remain fixed, it means On S 2 : g(w i ) = w i , g(ŵ i ) =ŵ i ; On H 2 : g(w i ) = w i , and second that the functions g(w) allows us to remove all the collision singularities, it means g ′ (w i ) = 0, or 
The first (n − 1) conditions are satisfied if the first one occurs, and it is true since it is the sum of the nth roots of the unity.
Since w j+1 = e i2πj/n w 1 , we have w n And we have that G(w i ) = 0, for i = 1, · · · , n. We now check that the singularities of (18) due collisions are removed. 
Notice that the only singularity is the point w = 0 which corresponds to |z| → ∞. With this we finish the proof.
